Age hardening induced by the formation of (semi)-coherent precipitate phases is crucial for the processing and final properties of the widely used Al-6000 alloys.
Introduction
Pure aluminum is lightweight metal that has little strength or resistance to plastic deformation. Alloying aluminum introduces either solutes or the formation of nanometric precipitates that hinder the motion of dislocations, thereby dramatically improving the mechanical properties [1, 2, 3] . A major alloy class used in the automotive industry is the Al-6000 series that contains silicon and magnesium in the range of 0.4-1 wt% with a Si/Mg ratio larger than one.
In the initial stages of processing at elevated temperatures, the alloy is a supersaturated solid solution (SSSS), with the solutes randomly dispersed in the Al matrix. After quenching to lower temperatures, the solutes aggregate to form nanometer-sized precipitates (e.g Guinier-Preston (GP) zones, metastable phases, or stable phases, depending on the thermal history). The time evolution of precipitate nucleation and growth is accompanied by a concomitant mechanical strengthening, referred to as age-hardening. Furthermore, precipitation proceeds through a sequence of competing phases that differ in composition, morphology, thermodynamic stability, and kinetics of growth and dissolution, as well as in the contributions to the mechanical properties [4, 5] . Control of the kinetics of age-hardening is crucial for the optimization of the final mechanical properties.
In commercial 6000-series Al alloys, precipitation commences at room temperature shortly after quenching, and this "natural aging" is undesirable. Subsequent "artificial aging" at elevated temperature is then used to achieve the desired precipitate type(s) and sizes. The most effective hardening conditions are obtained in the early stages of precipitation, where fully-coherent GP zones coexist with the semi-coherent β phase [6] , which forms needle-shaped precipitates 200-1000Å in length and ≈ 60Å in diameter [7, 8] . High-resolution electron microscopy and quantitative electron diffraction [9, 7] studies have revealed that the β phase is characterized by a Mg/Si ratio close to 1 but with different possible stoichiometries that include Mg 5 Si 6 , Mg 4 Al 3 Si 4 , Mg 5 Al 2 Si 4 .
Recent first-principles calculations have predicted that the latter composition is the most stable [10] . While considerable progress has been made in understanding the structure of the β phase, and the behavior of the SSSS [11] , little is known on the early stages of the aging mechanism, and in particular on the thermodynamics of the initial clustering of solutes to form the precipitate [1, 2, 12, 9] . Such knowledge is crucial to gain better control over the balance between natural and artificial aging.
In the present work we study the energetics of nanoscale precipitates using ab initio electronic structure methods so as to identify the different contributions to the thermodynamic in-situ precipitation energetics. We compute the energy contributions due to the precipitate formation energy, the precipitate/matrix interface energies, and the elastic energy due to lattice and elastic mismatch between precipitate and matrix. We show that these contributions semi-quantitatively capture the total energy of in-situ precipitates as a function of precipitate size. Our results demonstrate that -down to the size of a single formula unit of the β phase, fully encapsulated in the Al matrix -the precipitate growth process can proceed without energetic barriers. Since the nucleation process of the β phase has nearly zero barrier, control of precipitation kinetics should focus on aggregates of atoms of even smaller size.
The remainder of this paper is organized as follows. In Section 2 we describe the details of our ab initio simulations. In Section 3 we report a few benchmarks on the bulk properties of the different stoichiometries proposed for the β phases.
In Section 4 we discuss a classical-nucleation-theory (CNT) model of precipitate stability, including surface energies and the continuum elasticity model of lattice mismatch relaxation, and compare with DFT results for needle-like precipitates.
In Section 5 we present ab initio simulations of fully-encapsulated clusters. We finally draw conclusions.
Computational details
Density functional theory (DFT) has been shown to provide reliable energetics for aluminum and its alloys [10, 13, 14, 11] . We have used self-consistent DFT as implemented in the Quantum ESPRESSO (QE) package [15] . We used a gradient corrected exchange and correlation energy functional (PBE) [16] , together with a plane-waves expansion of Kohn-Sham orbitals and electronic density, using ultra-soft pseudopotentials for all the elements involved [17, 18, 19] . All calculations were performed with a k-point sampling of the Brillouin zone using a grid density of ≈ 5·10 −6Å−3 and a Mokhorst-Pack mesh [20] . The plane-wave cut-off energy was chosen to be 35 (280) Ry for the wavefunction (the charge density) when evaluating the energetics of defects (i.e. for computing formation, surface, and precipitation energies). Test calculations performed at larger cutoffs showed that these parameters are sufficient to converge the atomization energy of Al at a level of 0.3 meV/atom. Cutoffs were increased to 50 (400) Ry so as to converge the value of the elastic constants to an error below 1 GPa.
Comparison with previous literature results, where available, will be presented below.
Bulk properties of matrix and precipitate phases
Bulk properties (lattice structure, lattice constants, elastic constants) of Al and the various β -precipitates studied here have been previously computed in the literature. Here, we present our results as a means of benchmarking our methods, verifying literature results, and most importantly obtaining reference values that are fully consistent with our computational details -which is crucial to evaluate the energy differences that determine surface and defect energies.
For bulk fcc Al, we computed the lattice parameter to be 4.057Å, in excellent agreement with the experimental value and with previous modelling using the same functional [21, 22] . These lattice parameters are used throughout our study to build supercells representing the Al matrix. All of the β phases we consider can be described by a monoclinic cell containing two formula units (f.u. Figure 1 . We computed the crystal structures of these β -precipitates starting from the geometries proposed in previous works [7] . The equilibrium lattice parameters and monoclinic angles are shown in Table 1 , and agree well with existing literature [4] . Inside the Al matrix, the main crystallographic directions (lattice vectors) of the precipitate are aligned with those in the fcc lattice of aluminum as follows:
The ideal monoclinic unit cell can be deformed, relative to the fully relaxed structures, to substitute for 22 Al atoms. The corresponding lattice vectors and lattice constants of the 22-atom Al are shown stresses generated by small displacements of the unit cell around the equilibrium structure. A suitable set of displacements was used, and the stresses were then modelled as a linear function of the displacements to obtain the elastic constants [23] . The elastic constants for bulk Al and for the three β phases studied here are shown in Table 2 , and were computed according to a reference system consistent with the Al matrix, as shown in Fig. 2 . Our values are in good agreement with available experimental values [24] and previous computations [25, 10, 26] .
In order to define a reference state for the thermodynamics of the precipitates we define the solid solution energies as
for x = Si, Mg. Here, E pressure due to the misfit volume of the solute, but this contribution to the energy is negligible for the large cell size used.
The formation energy for a precipitate can then be defined as the total energy of a precipitate formula unit relative to that of the total energies of the precipitate atoms in the solid solution state. Thus, the formation energy is
where E tot β is the (DFT) total energy of a fully-relaxed unit cell of the β phase containing 22 atoms (2 formula units), n x is the number of atoms of element x in one formula unit, and E ss x is the energy of solute x in the (dilute) solid solution state. Knowing all the terms in eq. 4, we can compute the formation energies of the three proposed β -phase compositions as shown in Table 3 ). The precipitates are strongly favorable, with negative formation energies in excess of -2eV/f.u., or greater than -0.2 eV/atom on average. Precipitate formation is thus thermodynamically highly preferable relative to the solid solution state.
In-situ precipitates
Bulk properties provide important information on the thermodynamic driving forces for precipitation, but are incomplete for understanding in-situ precipitation nucleation and growth. The system of precipitate plus matrix has additional energetic contributions from the precipitate/matrix interfaces, precipitate/matrix lattice and elastic constant mismatches that give rise to elastic energies when the precipitate is coherent, and precipitate/matrix edge and corner energies. All of these additional contributions determine the total thermodynamic driving force for precipitate growth as a function of precipitate size, shape, and density. While not addressed here, the elastic interactions between precipitates at finite densities also influences their spatial arrangement and orientation [27, 28, 29] .
We thus need to predict the size, shape, and energy of a critical precipitate nucleus. At some critical precipitate size, the precipitate becomes thermodynamically unstable to further growth, i.e. increasing size leads to decreasing total energy. Below the critical precipitate size, the precipitate is unstable and should re-dissolve in the solid solution. Here, we take a model based on classical nucleation theory (CNT) to assess the precipitate stability as a function of size, shape and density (which influences the elastic energy). In this analysis, we ignore edge and corner energies. Also assuming, for the moment, a low density of precipitates, the total energy of a precipitate containing N formula units, relative to the SSSS, can be written as
There are two new terms in Eq. 5. First, there is the elastic strain energy E strain due to the lattice and elastic mismatch between the precipitate and the Al-matrix per β formula unit for a single precipitate in an infinite matrix (the dilute limit). Second, there is the surface (interface) energy E surf of the precipitate, which will depend on both the size and the shape of the nucleus.
In order to evaluate the precipitation energy, we first obtain quantitative values for the strain and interface energies. Then, we will make predictions for the thermodynamics in the dilute limit. Finally, we will perform DFT studies of insitu precipitates and compare the DFT energies versus the CNT model, adapted to the geometry of the DFT supercells.
Interface energies for β precipitates
Based on TEM analyses [30, 9, 5] , and the correspondence between β structure and the closely-related 22-atom Al unit that accommodates one precipitate unit cell, we study three interface orientations as shown in Figure 1 . The ori- Since the precipitate and matrix have a structural mismatch, the total energy computed in a given simulation cell includes an elastic deformation energy. This energy must be computed independently and subtracted from the total energy obtained in the interface simulation to estimate the specific interface energy γ Λ=A,B,C . First, we compute the energy per formula unit of the partiallyrelaxed β phase. For each interface orientation, we define E β Λ as the energy per formula unit of a β cell that is fully coherent with the Al matrix in the Λ plane, and relaxed in the orthogonal direction. We then prepared an interface between the Al matrix and the β phase, once again fixing the dimensions parallel to the interface to be fully coherent with the matrix, and relaxing it in the orthogonal direction. The interface energy can then be obtained from the 
total energy of this supercell
where S Λ supercell is the cross-section of the simulation supercell corresponding to the orientation of the interface, n Al is the number of Al atoms in the matrix, and n β is the number of β formula units inside the supercell. The computed surface energies for each orientation are shown in Table 3 .
As previously noted [31] , the B surface energy is relatively large but the anisotropy is not sufficient to fully explain the observed needle-shaped habit of the precipitates. Given the large range of values observed for different terminations [31] , a change in composition or some degree of interface reconstruction may significantly lower the energies of the A and C interfaces, leading to larger anisotropy. For instance, we obtain a considerably lower surface energy for the C interface in Mg 5 Si 6 than any of the values reported in Ref. 31 . For this specific case -that is associated with a relatively large mismatch in the unit cells between the β phase and the matrix -we observe significant relaxation of atoms at the interface, extending for several layers in the bulk, that was probably not captured fully in the smaller supercells 1 used in Ref. 31 . The issue of interface energies of β phases in Al thus merits further study.
Elastic strain energies of needle-like β precipitates
During the aging process, β precipitates show a strongly anisotropic habit, energetics and elastic deformation of the matrix in this regime [32, 31] . To compute the magnitude of the elastic strain energy contribution for such a twodimensional slice, we will use anisotropic continuum elasticity. The boundary value problem is formulated to correspond to the direct DFT studies below.
We study a periodic two-dimensional plane-strain problem with a fully threedimensional eigenstrain within the precipitate due to the misfit between the precipitate and the matrix. Figure 2 shows a schematic of the geometry with the relevant coordinate axes. Table 2 are measured in the material frameˆ eα-ˆ e β -ˆ ez.
The Al matrix Ω matrix is modeled as linearly elastic,
where σ and are the Cauchy stress and strain tensors and C matrix is the anisotropic fourth-order stiffness tensor of the matrix expressed in the global frame of referenceˆ e x -ˆ e y -ˆ e z aligned with the cubic lattice vectors of the pure aluminum matrix. The precipitate Ω prec is also linearly elastic, but with an additional eigenstrain¯ relative to the reference Al lattice that accounts for the size and shape misfit of the precipitate,
Determination of the eigenstrain¯ and the rotation of the stiffness tensor C prec into the global frame of reference are described in the Appendix A.
As a plane-strain problem, there is zero out-of-plane displacement u z = 0.
Therefore the total strain tensor has xz = yz = zz = 0. The eigenstrain¯ retains these components, however, so that the effects of the mismatch in the z direction are included. We impose periodic Dirichlet boundary conditions on the displacement u in the horizontal and vertical directions
where l x and l y are the vectors linking the bottom left corner to the bottom right and the top left, respectively. We fix an arbitrary point u( x p ) = 0 to exclude solid body motion. The static equilibrium stress and strain fields throughout the body are then determined by solving the standard equilibrium equation
With the computed stess field, the strain fields are obtained from the constitutive models above and the elastic strain energy (per unit length in the out-of-plane direction) E strain is then computed as
Note that the energy per unit length is independent of absolute model size and so the energy only depends on the size of the precipitate relative to the size of the computational cell, or equivalently on the area fraction (equal to the volume fraction) of the precipitate.
The boundary value problem is solved using the finite-element method (see Appendix B). Note that, although the problem is nominally two-dimensional (plane-strain), the evaluation of the elastic strain energy remains fully threedimensional due to the eigenstrain¯ . Using the above implementation, we first computed the elastic strain energy per formula unit in the dilute limit where interactions among precipiates are negligible. This is done by using one formula unit in a cell of 96 x 96 fcc unit cells, and the results are shown as the "dilute" limit in Table 3 . The elastic energies are small compared to the chemical energies, but are not small compared to differences in energies among precipitate compositions.
In-situ energetics of dilute needle-like β" precipitates
Having evaluated separately the bulk, surface, and elastic relaxation energies for a needle-like precipitate of the β phases, we can then proceed to estimate the overall energetics of a nucleus. Assuming for simplicity the surface area of the interfaces to be that of the matrix-coherent unit cell (that is 26.02Å 2 for each formula unit along the A facets, and 29.7Å 2 for each formula unit along the C facets) we find that a needle-like precipitate with a cross-section of a single formula has already a negative formation energy. Considering the elastic energy associated with the infinite-dilution limit, one obtains E prec = -1. 
DFT of needle-shaped precipitates and comparison to CNT model
The CNT model of precipitate energetics we have introduced in Eq. 5, including self-consistent elasticity terms, could be very useful to examine the interaction between growing precipitates. In order to assess its accuracy, we use the same needle-like geometry to evaluate the energetics of precipitates using DFT, and perform a comparison with the results of the model. To be consistent with the definition of formation energies used above, we define the precipitation energy using the SSSS as reference, i.e.
where M is the number of Al atoms in the matrix for a give simulation supercell,
and n x and E Fig. 4(a) for the supercell containing 16 f.u. of the β phase).
As noted above, the elastic energy depends on the precipitate density or cell geometry. The DFT cells are not in the dilute limit. Therefore, for comparison to the DFT energies, the CNT model is modified to account for the elastic energy changes in the non-dilute limit as
where E strain (N, V ) is the elastic strain energy per formula unit in a supercell of volume V containing a precipitate of size N formula units. Elasticity calculations have been performed using the method described earlier for precisely the geometries studied in DFT, and the strain energies E strain (N, V ) are shown in Table 3 . These values are generally larger than the dilute limit, and increase with increasing N due the larger fraction of β precipitate included in the supercell. simulation cell (CNT(γ + )). The results generally follow the expected trend, in that larger precipitates are thermodynamically more stable due to the reduction in relative importance of the interface, edge, and corner energies with increasing size, and the energies approach the (size-independent) formation energies plus dilute-limit elastic energies for each of the three stoichiometries (Table 3 ).
A CNT model that uses only the surface energies captures qualitatively the asymptotic behavior for different β compositions, as well as relative ordering. However, it under-estimates the energy of the precipitates in the largeprecipitate-size limit, due to the absence of the positive contribution of the elastic energy.
The CNT(γ + ) model predicts quite accurately the energetics of the larger precipitates. However, it significantly overestimates the energy at the smaller sizes. The full DFT energies are up to 0.4eV/f.u lower than predicted by Eqn (12) . One would normally expect that edge and corner terms would destabilize the nucleus (increase the energy) at the smaller sizes. Thus, the fact that the self-consistent energetics leads to stronger stabilization suggests that the surface energies computed assuming ideal interfaces provides only an upper-bound to the actual γ A,B,C . Further relaxation (which is hindered for the larger precipitates, and for periodic surface calculations) could significantly lower the interface energy. Searching for reconstructions of the β Al interfaces with a top-down approach and using electronic structure calculations constitutes a formidable challenge. We expect that the development of machine-learning models [33] for classical inter-atomic potentials, together with Monte Carlo sampling techniques, might help elucidate this important contribution to the stability and morphology of precipitates in the Al-6000 series.
Comparison between the calculations we report here and those presented in interpret quantitatively DFT results in terms of the physical contributions to the precipitate energy.
Nucleation of a precipitate in 3D
The analyses in the previous section show that there is no barrier for the growth of needle-like precipitates starting at the smallest size N = 1 for the inplane precipitate structure. The inclusion of interface and elastic energies was essential in this analysis to verify that nanoscopic precipitates are stable despite the high interface and elastic energy contributions. We note that possible lowerenergy interfaces will only enhance the stabilization of the smallest precipitates.
Therefore, nucleation of all three β phases studied here occurs at the in-plane unit cell level or below. However, the in-plane analysis neglects the additional energy cost of the high-energy B [010] β interface. We thus investigate here the formation energy of 3D precipitates, to better understand the precipitate nucleation process and possible nucleation barriers.
We simulated 3D precipitates composed of a single formula unit fully-embedded in the Al matrix. As shown in Table 4 , the fully-relaxed DFT energy is negative for all compositions. This confirms that precipitation is barrierless down to a single 3D formula unit even when considering the high-γ B interfaces. At this scale, the CNT(γ) model is very inaccurate, predicting positive formation energy for all the stoichiometries except Mg 5 Si 6 . The elastic strain energy computation requires a full 3d analysis, and is not performed here since the elastic term would increase the energy relative to the CNT(γ) model.
It is not surprising that a mesoscopic model cannot capture the energetics of a precipitate that consists of just eleven atoms. It is however interesting that -just as for the needle-like geometry -the mesoscale model overestimates the energy cost associated with the precipitate-matrix interfaces, indicating that local relaxations can significantly lower the interface excess energy as compared to the ideal unreconstructed interfaces.
CNT(γ) -102 513 497 Table 4 : (Top) Snapshots of the simulation cells used to model single-formula-unit precipitates fully-encapsulated in the Al-matrix. (Table) Precipitation energies of one formula unit precipitates computed from DFT calculations (Eqn. (11)) and the CNT model (5) with and without the finite element strain term. The area of the different interfaces has been assumed to correspond to those of half of the monoclinic unit cell.
Conclusion
By clearly identifying the chemical, surface, and elastic strain energies that contribute to the total precipitation energy versus size and composition, and demonstrating that the overall trends are consistent with a thermodynamic classical-nucleation-theory-like model, we have provided new insights into the early stages of the formation of β precipitates in Al-6000 alloys.
The in-situ needle-like β" precipitates are found to be stable relative to the solid solution down to the smallest in-plane formula unit, indicating barrierless growth at and above this size. The composition dependence of the total energies is subtle, with two compositions being quite close in energy. Thus, the inclusion of surface energies and elastic energies due to the different precipitate structures and compositions is essential for interpreting the DFT results and for then determining the energetics in the more-dilute limit of real materials. The benchmarking of the CNT-type model also provides a validation for the use of such mesoscopic models in other systems.
The largest discrepancy between the thermodynamic CNT model and DFT calculations is seen for the smallest precipitates, with the ab initio energies being consistently much lower than those predicted based on surface energies computed for a coherent interface between the precipitate and the matrix. Together with the fact that the anisotropy of γ is not sufficient to justify the aspect ratio of needle-like β precipitates, this observation hints strongly at the need for consideration of more complex models of the interfaces of the precipitatesincluding variable composition and a significant degree of reconstruction -that may help reduce the interface and elastic energies and further stabilize the small precipitates.
We further show that, down to a single formula unit that is fully encapsulated in the Al matrix, the DFT energy of a nanoscale precipitate is lower than the reference supersaturated solid solution. This underscores the fact that precipitation kinetics is likely to be diffusion-limited. Aggregates of a few solute atoms that can act as vacancy traps [34] would thus slow vacancy-mediated solute diffusion that is necessary to form larger precipitates, greatly affecting the aging times. This conclusion of dominance of diffusion-controlled aging is also consistent with recent findings that the addition of 100 ppm of Sn to Al-6061 can significantly delay aging, attributed to trapping of the quenched-in vacancies by the Sn atoms [11, 35] . Our results thus point toward the need for a systematic study of the energetics of aggregates in the GP-zone regime, and the interactions between those aggregates and vacancies and/or trace elements in the alloy to understand and fine-tune the behavior of Al-6000 alloys in the early stages of precipitation. 
Appendix A. Calculation of eigenstrain and stiffness tensors
The eigenstrain¯ is the strain required to compensate for the misfit between the matrix and precipitate lattices, i.e., the strain that deforms a formula unit of precipitate into the shape of a formula unit of undeformed matrix. Subsequently, we show how to compute¯ in the global frame of referenceˆ e x -ˆ e y -ˆ e z described in Figure 2 . The formula unit geometries of the matrix and the precipitates are monoclinic cells for which the directions of c and b coincide but differ in the angle β and the edge lengths a, b, c. We start by determining the material frame of referenceˆ e α -ˆ e β -ˆ e z as it simplifies both the expression of the edge vectors a, b, c and, since the elastic constants reported in Table 2 are computed in that frame, is required to compute stiffness tensors in the global frame.
The basis vectorsˆ e β andˆ e z are collinear with the formula unit cell edge vectors defined in (1), c and b, respectively, and the third basis vectorˆ e α is chosen to complete a right-handed orthonormal basiŝ
We use the basis vectors to express the edge vectors in the global frame of reference using Table 1 c = cˆ e β , b = bˆ e z , a = a sin βˆ e α + cos βˆ e β .
(A.
2)
The eigenstrain¯ corresponds to a displacement gradient ∇ u that transforms the precipitate edge vectors into the matrix edge vectors, see a prec , b prec , c prec and the matrix V matrix = a matrix , b matrix , c matrix , the displacement gradient ∇ u can be expressed as
where I is the identity matrix. The eigenstrain¯ is the symmetric part of ∇ ū
The elastic constants of the precipitates have been calculated in the material frame of referenceˆ e α -ˆ e β -ˆ e z and the corresponding stiffness tensor has to be rotated into the global frame of reference for the finite-element analysis. The stress σ and strain in the global frame of reference are related to the material frame stress σ and strain by the rotation R = ˆ e α ,ˆ e β ,ˆ e z 5) and the relationship between σ and is governed by elasticity
where C is the stiffness tensor in the material frame of reference. The stiffness tensor in the global frame of reference C can be obtained by combination (A. 5) and (A.6) in index notation (Einstein summation applies to repeated indices)
Appendix B. Elastic calculations
The elastic calculations use the finite element method [36] and have been performed using a modified version of the open-source finite-element code Akantu [37] . This section explains the chosen procedure.
We modeled the elastic problem using a structured, quadrilateral, and periodic two-dimensional mesh of bi-quadratic serendipity elements with eight nodes [38] . The element type was chosen over linear elements for its high accuracy in static problems. In order to enforce periodic boundary conditions, we define the boundary nodes i s of the upper and right boundary as slave nodes to their counterparts on the bottom and left boundary (master nodes i m ). During the evaluation of nodal forces on master nodes f im , the forces acting their slave nodes are also assembled on the master f tot im = f im + f is and the slave node displacement is set to be equal to the displacement of their master u is = u im .
In order to preclude solid body motion (and, thus, a singular stiffness matrix K), the center node in the precipitate is fully blocked u c = 0. where K is the assembled stiffness matrix and U is the vector of all displacement degrees of freedom. We solve this system using the direct solver Mumps [39] . The calculation of strain energy exploits the quadrature routines of Akantu using the shape functions of the elements to evaluate the integrals in (10). than the one represented in Figure A .5 was used for smooth visualization.
Appendix B.1. Relaxation of boundary conditions
In order to compare our results more readily to those presented in [10] ,
we have additionally performed elastic calculations with fully relaxed periodic boundary conditions, in which the simulation box was allowed to expand and tilt as needed to have no average stress. This was done by following the procedure described in Appendix Appendix B, but with an additional uniform eigenstrain added to all elements. This additional eigenstrain was used as a degree of freedom in a minimization of the total strain energy. Table B .5 compares the strain energies per formula unit obtained with fixed periodic boundary conditions like the ones used in all DFT calculations in this work to the energies obtained using the relaxed boundary conditions used in [10] .
One can see that the relaxed conditions lead to a consistent underestimation of the strain energy, while the fixed periodic conditions lead to overestimated energies. with periodic boundary conditions of fixed dimensions (as the DFT calculations in this work) or fully relaxed conditions for which there is no mean stress on the simulation box (as in [10] ).
